
Truth Tables and Deductive Reasoning

• Earlier in the semester, we learned the definition of deductive validity.

An argument is deductively valid if and only if the truth of its premises guarantees
the truth of its conclusion.

or, equivalently,

An argument is deductively valid if and only if there is no way for its premises to all
be true and its conclusion to be simultaneously false.

• Al-Ghazali raised worries about the reliability of our own reasoning. We look at arguments like

I either left the keys in the glovebox or I left them in the kitchen.

I didn’t leave the keys in the glovebox.

I left the keys in the kitchen.

and

If Obama was born in Hawaii, then he is the legitimate President of the U.S.

Obama was born in Hawaii.

Obama is the legitimate President of the U.S.

and it seems to us that they are deductively valid. We can’t think of any way that the premises
could be true but the conclusion could still be false. But maybe we’re just unimaginative. Maybe
we’ve got a brain lesion which is keeping us from coming up with the counterexample. Can we
say anything more to assure ourselves that these arguments are in fact deductively valid?

• In fact, developments in logic over the last century have put us in a better position to say some-
thing about what it is that makes these arguments deductively valid. Indeed, we can prove that
these arguments are deductively valid — that they are incapable of taking us from true premises
to a false conclusion.

• Here’s how we do that: begin by thinking about the following set of propositions.

Elmo is red.
Big Bird is blue.
Either Elmo is red or Big Bird is blue.
Big Bird is blue and Elmo is red.
It is not the case that Big Bird is blue.
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• Notice that there’s an interesting relationship between the first two sentences and the other sen-
tences in the list: once we know the truth-value of the first two sentences (whether they are true
or false), we can figure out the truth-values of the others.

• If “Elmo is red” is true and “Big Bird is blue” is false, then “Either Elmo is red or Big Bird is
blue” is true and “It is not the case that Big Bird is blue” is true.

• Notice that, in order to figure this out, we didn’t need to know who Elmo and Big Bird were in
order to figure out the truth-value of “Either Elmo is red or Big Bird is blue”. All we needed to
know was whether “Elmo is red” and “Big Bird is blue” were true or not. If I had replaced these
sentences with variables,

X
Y
Either X or Y .
X and Y .
It is not the case that Y .

and told you that “X” was true and “Y” was false, you would still have been able to figure out that
“Either X or Y” was true and that “It is not the case that Y” was true.

• That’s because certain parts of these longer, compound sentences,

Either or
and

It is not the case that

are what’s known as truth-functions. The truth-value of compound sentences containing these
sentences are entirely determined by the truth-values of the smaller sentences making them up. If
“X” and “Y” are both true, then “X and Y” will be true, too — irrespective of what “X” and “Y”
mean.

• There are only four possible pairs of truth-values for two sentences “X” and “Y”:

X Y
T T
T F
F T
F F

• And, given just these truth-values, we can figure out the truth value of “X and Y”:

X Y X and Y
T T T
T F F
F T F
F F F
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• So, the truth-value of “X and Y” is just a function of (i.e., is completely determined by) the
truth-values of “X” and “Y”

• We can do this for the following bits of English as well:

X Y Either X or Y
T T T
T F T
F T T
F F F

X It is not the case that X
T F
F T

• These tables are known as “truth-tables.”

• With this understanding of truth-functions, however, we can offer a general proof that any argu-
ment which has the form

Either X or Y

It is not the case that X

Y

is a deductively valid argument.

• Consider the truth table:

X Y Either X or Y It is not the case that X
T T T F
T F T F

→ F T T T
F F F T

If the first premise, “Either X or Y” is true, then we must be in the one of the first three rows of
the truth table. And if the second premise, “It is not the case that X” is true, then we must be in
one of the last two rows of the truth table. But that means that we must be in the third row of the
truth table. And if we’re in that row of the truth-table, then Y is true. So, every way of making the
premises of the argument true is a way of making the conclusion true as well. So the argument is
deductively valid, given our definition of deductive validity. We know that reasoning in this way
in guaranteed to not take us from truth to falsity.

• What about the English construction:

If , then .
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Is it a truth-function?

• Well, it seems clear that, if “X” is true and “Y” is false, then “If X, then Y” is false:

X Y If X then Y
T T ?
T F F
F T ?
F F ?

And it turns out that this is all we need to say in order to show that inferences like

If Obama was born in Hawaii, then he is the legitimate President of the U.S.

Obama was born in Hawaii.

Obama is the legitimate President of the U.S.

are deductively valid. Here’s how: suppose that the sentence “If X, then Y” could take on any
truth value in the other cases,

X Y If X then Y
T T T/F
T F F
F T T/F
F F T/F

That is, if we’re in rows 1, 3, or 4, then “If X, then Y” could be either true or false, depending
upon what sentences X and Y are.

• Now, consider the argument

X

If X, then Y

Y

If the first premise is true, then we must be in either the first row or the second row of the truth-
table above. However, if the second premise is true, then we have to be in the first row. But, in
the first row, “Y” is true. So, if the premises are both true, then the conclusion must be true as
well. So the argument is deductively valid.
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